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SUMMARY

A class of unbiased ratio-type estimators for population mean Y is

defined based on a linear combmatlon of three estimators viz:
n

v, (X/n)z (yi/%i) ‘and (X/n)Y, (yi/x). It is shown that Hartley and
i=1 im1

Ross [1] estimator is a particular member of the class. Exact variance of

the proposed class is derived. The optimum estimator in the class in the

minimum variance sense is identified. Two numerical examples are included

to illustrate the results.
Key words : Unbiased ratio estimator, optunum estimator, ‘minimum

variance.

. Introduction
Consider a finite population with units Ul,'Uz, ..., Uy For simplicity let

the variate of interest y and the auxiliary variate x related to y assume real
non-negative values (y, x;) on the unit U, i=1,2,...,N. We are interested

in estimating population mean Y utilising information on X, the populatlon
mean of auxiliary character x.

Let y, and x; denote respectively the y and x values for the ith sampled
unit, i = 1, 2, . ., 0 in simple random sampling without replacement

(SRSWOR) Let r= y/_ and = (1/n) E (y/x) where y and X are
' i=1

respectively sample means of y and x variates. In SRSWOR Hartley and Ross

[1] proposed the following unbiased estimator for Y :

Vi =TX+@N-1)/Na-1)F-Tx) = (1.1)

or, eqﬁivalently _ E
: Yir=TX+((N-1)/N) s, (L2

*  Vikram University, Ujjain-456010 (M.P.)




F

{ TESTS FOR COEFFICIENT OF VARIATION _ 229

REFERENCIES

(11 Hall, P, 1983. Invertins an Edgeworth expansion. The Annals of Statistics,
11, 569-576.
[21 Hall, P and Wilson, S. R., 1992. Two guidelines for Bootstrap hypothesis
testing. Biometrics, 47, 757-762.
| ' [3] Hsieh, HK., 1990. Inferences on the coefficient of variation of an inverse
Gaussian distribution. Communications in Statistics ~ Theory and Methods,
19, 1589-1606.
[4] Iglewiez, B., Myers, RH. and Howe, R.B., 1968. On the percentage points
of the sample coefficient of variation. Biometrika, 55, 580-581.
[5] Kendall, M. and Stuart, A., 1977. The Advanced theory of Statistics. Vol. 1.
’ London : Charles Griffin and Co. Ltd.
. [6] Lande, R., 1977. On comparing coefficients of variation. Systematic Zoology,
26, 214-217.

[71  Lehmann, E. L., 1986. Treating Statistical Hypothesis. New York : John Wiley
and Sons.

[8] Rao, K. A. and Bhatt, A. R. S., 1989. A note on test for coefficient of variation.
Calcunta Statistical Association Bulletin, 38, 225-229.

]
l [91 Rao, K. A. and Vidya, R., 1992. On the performance of a test for coefficient
of variation. Calcutta Statistical Association Bulletin, 42, 87-95.

[10] ~ Reeds, J. A., 1978. Jackknifing maximum likelihood estimates. The Annals
of Statistics, 6, 727-739. ’
"[11]  Serfling, R. J., 1980. Approximation Theorems of Mathematical Statistics. New
York : John Wiley and Sons.

[12]  Singh, M. and Singh, R. P,, 1992. Comparing coefficient of variation in income
distributions. Jour.Ind.Soc.Ag. Statistics, XLIV, 199-215.



184

A CLASS OF UNBIASED RATIO ESTIMATORS ! ' ' ' 231

 where, s, =3 (-D-D/@-1)

i=1

_In this paper a linear combination of three estimators viz.

- ' y.TX and TX is considered to obtain a class of unbiased ratio estimators for
~ population mean Y. It is shown that Hartley and Ross [1] estimator belongs

to the proposed class. Exact expression for variance of the proposed class is
derived,. The optimum estimator in the class in the minimum variance sense
is identified and the results are illustrated using two numerical examples.

' 2. A Class of Unbiased Ratio-Type Estimators in SRSWOR

We propose a class of ratio-type estimators for Y as ,
A ' —
Y=0,y+6,TX+6,TX 2.1
o . ,
where 6,’s are suitably chosen constants such that Z 6,=1.

i=1

The estimator Y is. unbiased for Y if B(Y)=0.

e, " 0,BTX)+6;B@X)=0

where B(-) stﬁnds for bias of.(-) , S
| | BG? o : .- (2..2) 

!

NowA, it can be shown that

BEX=-[O=lyg | @3
. N g .
and - BGX)=- [Qli% S, Q4
’ . ' N. » — ’
where S =2 —R (% - X)/(N-1)
’ ' i=1 .
N °~ N

and R=/N Y=Y (/xN 4

i=1 i=1
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it follows from (2.3) and (2.4) that

B(rx) Nh-1)
BEX) nN-1)

Substituting (2.5) in (2.2) we get

(2.5) '

__N(n—l)
27 p(N-1) 3
3
N As z 8,=1, it follows that
‘ i=1
‘ _,_ (N-n)
‘ 9, =1 n(N-1) %

Letting 6,=6 (a constant) and substituting the values of 8.’s
(i=1,2,3) in (2.1), we get a class of unbiased ratio-type estimators given by

‘ s (N-nB6 |- |N@n-1) |
! Y“_I:I_n(N—l)}y [(N 1)}erx+6rx 2.6)
| or equivalently
i Y,=[1-(1-¢)617~cOTX +6Fx Q.7
| Nn-1) 4

where ¢ = n(N=1)

Different estimators can be generated from (2.6) for suitably chbsen value
of 6. Some such estimators are listed below

»

) __nN-1) &
(i) For 6=~ Na-1)° Y, gives
L - nN-1)
Y, =TX+ NG = (_ TX)
- This estimator is due to Hartley and Ross [1].
.. aN-1) &
i) For 6 = , Y, turns into
(ii) (N—n)’

& n(N—l)__i N(n—l)Fi

o | YZ_ (N-m) "X (N—n)
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A
(iii) For 0=1,Y, becomes

4 N 1 - ==

Y= n((I:lI 1;(i—rx)+rx

(iv) For 6=- “((Tbl:i)—),?u gives
A _ N@-1)-2% nN-1)__
2y+ (N-n) rX-— N-n) X

(v) For 06=- ll:I((Nn 3 Y, tendsto

42 (Nn-2N+n)_ n(N-1)_
Ys="Nao-D tN@-1)

TX— X

(vi) For 6=-1,weget

4 Nm-1)

Yo=on-n O~ -TX)-TX

A
3.  Optimum Estimator in the Class Yu
We have from (2.7) that
2 2 202 v F X4 02 VT
V(Y)=[1-(1-¢)8]" V@ +c 6" V(T X)+6" VIX)
—2[1=(1-c)8]c®Cov (. TX)+2[1—(1-c)6]6Cov(y,TX)

—2¢ 6% Cov FX,TX) , @B.1)
—(1+6CR VF) + 6%V Fyg) - 2(1 +0¢) 0 ¢ Cov §, Fyr)

=02 [VE) + VG) — 2 Cov(y, Vi)l

+20c[V({)-Cov (¥, yu)l + V(¥) . (3.2)
where V(-) stands for variance of (-)

In SRSWOR, the exact expressions for variance and covariances involved
in (3.2) are respectively given by,

N-n)

oD % =90, | (3.3)

V()=

N

V@) =X vo+[(N 1)] V(s,x)+[N

— 1] X Cov(r, S5 (3.9
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where V(®) = (1 - ¢) o2
Vs, )=(1-0)A, ”226 (. x,¥) + Ay 1,00 (1, X, Y) Koo (T, X, Y)

- A3 ll%m (r, X, Y)

A = N(Nn-N-n-1)
mh-1)(N-2)(N-3)
_ NNN-n-1)
A= - DN-2(N_3)
_(N>n=nN-2N’>+4N—2n-2)N
T -1DEN-1)(N-2)(N-3)

Cov @E.5,)=(1~0) [le z]um‘(r, 5y

N-1
N

Cov G, J,) = X Cov G, 3) + ( ]COV Grs.)

Cov (F’ Yj = (1 - C) lel (rr X, y)z
Cov ,s)=(1-X) (Nl—z] By (X, y)

where, M @ X%, V)= Y @ -R)' & - X) 7 - Y)/N
(a, b, e are non-negative integers)

A
The explicit expression for the variance of Y, in terms of 6 and ¢ can

be obtained Ry substituting the expressions from (3.3) to (3.5) in (3.2). The
variance of Y given in (3.2) will be minimum when

6=—(1/0) V(y) —Cov (¥, V)
=NV + V) - 2Cov 7, i)
L Cov(y,d)|
= (l/c)[ V@ :,— 8, (say) (3.6)
where, d= -V

A
Hence, the minimum variance of Y, is given by

A 2
V™) = V) [Cm;lg,)d)] v
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vou-gu- 6n

o where, o p, = Cov (y. d)
S N
“ It is obvious from @. 7) that :
(Y°"‘)<V(‘)

It can also be shown that

A v -Cov , Vi) )
VGHR)—V(Y”‘)=( B v((:i‘;(yy}m»' 20

Hence Y°" is more efficient than y, .. Thus Y is more efflclent than
both y and ViR when selected e coincides w1th optimum L ie,0.

. Jn case 8 does not coincide w1th its optimum value, then it can be shown
that Y, is more efficient than y if 6 is selected such that

.. ;!.elther L 20,<6<0 - when 8,<0
| or - 0<0<26, whén"eo >0 a8
Likewise it can be shown that -
: | V(Y )= V(yHR) if -
leither  —(1/6)<0<20,+(1/c) if 6,5~ (1/¢)
ot 20,+(1/c) <0< (170) if 8, <—(1/c) 69

- where 6, is as defined in (3.6)
- The expression for 8 written ini (3.6) can approximately be expnessgd in
- terms of -bivariate population moments as :
[(N-1)/(N-DIEX pyp — RX pyy = oy + 1 ) = X°Ruy, — X gy

2
C|:R2§2 bt gt u“+2RX My (N ] A+ 4Dy -AD+21°0D ] '
' (3.10)
1 where

D, = [y + R o~ 2R py]
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A

D, = [igrt R tag + (yp/ X (11, /X%) = 2R ) = 20115/ %) + 2Ry X g
Dy = Iy —Rpyo - (107 X)] |
= [R*X oo~ RX g = Hap + 15, + 2R gy = 2R g ]

Remark : 1t is apparent from (3.6) and (3.10) that computation of 6 requires
the values of different population parameters, which in practice will be rarely
known. It is however, possible in repeated surveys based on multiphase
- sampling, where information on the same set of characters is collected over-
several occasions to guess the values of these parameters and hence of 6.
However, if no such information is available, these parameters can be estimated
by their respective consistent estimators and value of 8 computed. Even if this
value differs from optimum value, the proposed class of estimators. is expected
to be more efficient than y and Yy, subject to (3.8) and (3.9) respectively.

4. Empirical performance of Yu
For the purpose of illustration, SRSWOR is assumed throughout this
section. The relative efficiency (RE) of Y, is empirically assessed for two

populations one of which (population I) was studied by Srivenkataramana and
Tracy [3] and the other (population II) is a populatxon of live data taken from
"Singh et al. (2], p 139).

First conslder_‘ populatxoh I (see Srivenkataramana and Tracy [3], Table
7.1) of size 7. The required parameters for population I are

- Y=500, X=6.00,R=101, t,,, %, y)=~1.05, po, x,y)=085
Hop, (6 X, ¥) = 743 um(r X, ¥)=6.00, ,,, (r, x,y) =054
u.m(r X, y)——l 34, ”zzo @ x,y)= 541, n,, (r,x, y)——056
Conlgutatmns were done»for n =2 The table 4.1 gives the variance and
RE 'of Y  with respect to four estimators viz. : y (sample mean),
y.=y (X/%)=rX (usual ratio estimator), y, =TX (another ratio estimator) and
¥,r (Hartley and Ross, [1]) for different values of 8. In computations the exact

expressions for variances, covariances or mean square errors (mse) as thie case
may.be were used for Y,y and y,,.. The mse of y, was computed using second
~ order approximation as per Sukhatme et al. [4]. The maximum gain in efficiency
was observed over all the estimators studied when the 8 value corresponds
to the optimum value of 8 =—0.70. The estimiator Y _ is efficient as compared
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Table 4.1. Variance and RE of (Y,) over different estimators for population I

o _ V-(‘Yhu) - "RE over - _
- y | % | ¥ ' YHR
0 310 10000 | 11903 | 26226 | 11807
-0.1 2.96 104.73 12466 | 27466 123.65
0.2 284 | 109.16 12093 | 28627 128.87
03 275 11273 | 13418, | 29564 133.09
0.4 2.68 . 115.67 137.69 303.36 136.57
0.5 263 11787 | 14030 | 31031 . 139.16
" 06 2.60 11923 141.92 312.69 140.77 -
07 2.59 11969 | 14247 | 3139 | 14131
) -0.8 : 2.60 11923 | 14192 31269 | 14077
09 263, 117.87 | 14030 -| 309.13 | 139.16
-10 268 - | 11567 137.69 303.36 136.57
. -1.1 2.76 11232 13370 | 29457 132.61
-12 2.85 - 10877 | .129.47 285.26 128.42
-13 297 | 10438 12424 27374 | 12241
_14 310 | 100.00 '119.03 262.26 118.07
Ql ©0=-171) 3.6 8467 | 1'0.0‘.82 22213 100.00
92 (0=240) . 1260 24.60 -29.29 64.52 ©29.05
: ff; ®=1.00) |- 559 5546 | 66.01 145.44 65.47
.A4(9=~2.40) 1 sel 55.26 6578 | 14492 | 6524
“‘35 6=171) 864 | 3588 427 | 9410 42.36
Qs ®=1.00) | 268 - 115.67 137.69 303.36 ‘136.57

A . .
V(Y)=3.10" MSE(y,) = 3.69 MSE(y,)=8.13  V(yyr)=3.66 .

" to all the four estimators even when 0 ‘deviates in the neighbourhood of its
: optimum value the range being from 0 to —1.4. It is interesting to note that
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A LA o . . - -
Y, a member of Y, performs better than the other estimators studied including
Hartley and Ross [1] estimator.

We now tum our attention to population II (Singh er al., [2], p. 139)
of size 13. The variates considered are

y = Total number of guava trees (' 00).
X = Area under guava orchard (acres).
The required parameters for population II are

Y =747, X=566, R=148, 1, (1, x,y)=—088, p, (r,x,y)=~0.48

Al .
Table 4.2. Variance and RE of (Y,)) over different estimators for population IT

6 v{Y,) _ REover
y Yr Y, Yur
06 | 180 288.89 77.22 80.56 100.56
-0.7 152 342,11 91.45 95.39 119.08
08 133 390.98 104.51 109.02 136.09
-0.9 121 429.75 114.88 119.83 149.59
-1.0 1.18 440.68 117.80 122.88 153.39
-1.1 1.23 42276 113.01 117.89 147.15
-12 136 382.35 102.21 10662 | 133.09
-13 1.57 331.21 8854 | 9236 115.29
-1.4 1.86 279.57 7473 77.96 97.31
\A?l (0=-139) 1.81 287.29 76.80 80.11 ~100.00
%2 (8=3.60) 87.48 - 594 159 1.66 2.07
¥, 0=1.00 17.41 2087 7.98 8.33 10.40
¥,0=-3.60) | 2905 17.90 4.79 499 6.23
Qs =139 | 2439 232 5.70 5.95 7.42
Aﬁ ©@=-100) ‘| 118 440.68 117.80 122.88 153.39

A
CV(Y)=520  MSE,(y)=139  MSEG,)=145  V(@g =181




A CLASS OF UNBIASED RATIO ESTIMATORS 239

Mooz 0 X, y) = 18.71, pp, (@, X, y) = 12.50, W, (r, %, y)=0.16
1L, %, y) == 0.10, W, (T, X, y)=190, p,;, (r,x,y)=1.08
Computations were done for n = 3. The table 4.2 shows the variance and

RE of Y over other four estimators considered in the study. The variances
or mse’s were computed as mentioned for population I. The maximum gain
in efficiency over all the estimatorg is observed when 6 assumes the optimum
value of 6 =—1.00. The estimator Y is seen to be more efficient as compared
to ?HR even when 0 departs in the neighbourhood of its optimum, the range

keing —0.6 to —1.38. The common range of 6 values in which the estimator
Y, is superior to both y_and y’ is comparitively smaller rznging from -0.77

© te —1.22. It is to be noted that the estimator Y, amember of Y which coincides

with the optimum estimator, recorded maximum gain in efficiency as compared
to all other estimators. '

Empirical study thus demonstrates that the survey practitioner can generate
estimators which are more efficient than sample mean as well as ratip and
Hartley and Ross [1] estimators from the proposed class of estimators Y, for

certain optimum or near optimum values of 8. It is possible in practice to obtain

a near optimum value of 8 using (3.6) or (3.10) by substituting the values
of estimated variances and covariances from the data at hand.
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SUMMARY

Usmg the predictive approach advocated by Basu [1] we develop an
almost unbiased ratio estimator of a finite population mean which is found
to be more efficient than its competitors.

Key words : Almost unbiased ratio estimator, efficiency, mean square
error, predictive approach.

lntroducnon and construcnon of the new predtcuve ratio estimator

Lety, and x,(1<i< N) be the values of two positively correlated variates
y and X defined on a finite population of N units with means Y and- X
respectively. Let (y, X) and (Y X ) denote respectively the means over a simple :
random without replacement samples of n units and the unsampled residuum.
Under the usual prediction approach of Basu [1] an estimator of Y is given
by ‘ ; s
N-n
N

A n—
Y—Ny+ T

where T is the implied predictor of Y If we use TR y X /X as a predictor
of Y Y reduces to the classical ratio estimator YR y y X/X (cf. Srivastava [3]).

- Using Taylor lmeanzatlon method (e.g. Cochran {2]) and noting that to

o @™, |
E(T)=Y1+ NJV’(K)_Cov(i,i)
IR T XY

an almost unbiased ratio estimator of Y can be obtained as -

. N 2
Tyr=T 1+6N_n(cxy—cx)}
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